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AhstractPLaminar flow through a porous channel bounded by two parallel plates maintained at a 
constant and equal temperature is considered. The modified Darcy model for transport of momentum is 
applied but the velocity square term in the momentum equation and the axial conduction term in the 
energy equation are neglected. The results show that the Nusselt number for fully-developed fields increases 
with an increase in the porous media shape parameter, 1’ = ( W2e/K)1/2, where W is channel width, E is porosity 
and K is permeability. The results also show that excess pressure drop, associated with the entrance region, 

decreases as y increases. 

1. INTRODUCTION 

IN CHANNEL flow, enhancement of heat transfer by the 
insertion of solid matrices has been analyzed [ 1,2] and 
studied experimentally [3] for relatively low per- 
meabilities. In treating these flows, uniform velocity is 
generally assumed across the channel. However, for 
relatively high porosities and permeabilities (which are 
desirable for pressure drop consideration), a non- 
uniform velocity distribution is expected near the wall. 

This affects the heat transfer rate from or to the walls. In 
this study the velocity profile and Nusselt number are 
determined for flow through a porous channel for a 
simplified case where the axial conduction in the energy 
equation and velocity square term in the momentum 
equation are negligible. 

Recent studies in momentum transport through 
porous media have led to the inclusion of the boundary 
and the inertia effects for certain flow situations. The 
boundary effect can be included by adding the viscous 
shear stress term (due to Brinkman, cf. [4]) or, in cases of 
media with nonuniform porosity distributions near the 
bounding rigid surfaces, through modified boundary 
conditions [4]. Inclusion of the inertia effects is 

achieved through the so-called non-Darcy term which 

is proportional to the square of velocity [S] and, also, 
through the convective term [6]. The results based on 
inclusion of boundary and inertia effects [6] show that 
for a boundary-layer flow over a flat plate with free 
stream velocity ii, fluid viscosity v, in a porous medium 
of porosity E, and permeability K : 

(a) the velocity field develops in a short distance from 
the entrance at a distance of the order of Kiiv-‘, in 
contrast to an ever developing velocity field where no 
rigid matrix is present ; 

(b) the momentum boundary-layer thickness is ofthe 
order of (K/E)“’ ; and 

(c) at high Prandtl numbers, the inclusion of 
boundary effects alters the rate of heat transfer from the 
surface significantly. 

Similar results are expected for flow through a porous 
medium bounded by the parallel planes maintained at 
equal and constant temperatures (shown schematically 
in Fig. 1). In this case both the velocity and temperature 
fields will eventually become fully developed. By 
including the boundary effect, the boundary friction 
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FIG. 1. Schematic of the problem considered. 
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NOMENCLATURE 

CP specific heat at constant pressure Greek symbols 

; 

the empirical coefficient given in ref. [6] % effective thermal diffusivity, 

boundary frictional drag coefficient, (PC,), ls- ‘k, 
2r,/(prti2) i ’ porous media shape parameter, 

k, effective thermal conductivity (W2&/K)“2 
K permeability of porous medium E porosity 
Nu Nusselt number for fully-developed p dynamic viscosity 

fields, q,2W(T,- T)-‘k,’ 1’ kinematic viscosity 

P pressure P density 

Pe’ Peclet number, 2riWcc; ’ =w wall shear stress, 2p,v,u, (y = 0) 
Pr Prandtl number, ~~r/c~, 0 excess pressure drop. 

4w wall heat flux Subscripts 
Re Reynolds number, 2ii WV, ’ D associated with Darcy’s analysis 
T temperature, (T - T,)/( To - T,) f fluid 
;i mean temperature, (WU)- ’ jr UT dq 0 entrance condition 
u .x-direction velocity max maximum value 
U velocity vector solid matrix 
ii mean .x-direction velocity, over ; total 

O<Y<W W wall condition 
v y-direction velocity x. y x, y-derivative. 
W width of the channel 

X,J spatial coordinates, parallel and Others 
perpendicular to the direction of flow, ( ) local value average, for a scalar $, 
respectively. (I/I) = v- 1 j vfll/ do. 

drag and the average Nusselt number for fully- the fluid as a continuum, the governing differential 

developed fields can be determined. Also, by including equations are given in [6] for uniform porosity 

the convective term in the momentum equation, the distribution are 
development of the velocity field as indicated by the V*(u) = 0, 

excess pressure drop and the entrance length is 
examined. 

&C’p,((u*v)u) = --ECIV(p) 

There are two natural length scales associated with 
the problem considered. One is the pore-particle 
dimension which is (K/E)“’ and the other the channel 
width, W. The latter is chosen here as the characteristic 

+E-l~IV*(U)--K-l/Lr(U) 

-FKL’*p,((u)~(u))l 

(<u).V)<T) = CL.V~(T>, 
length ; but, as will be shown, through the porous media 
shape parameter, the small scale boundary effects such 
as the thickness of the boundary layer can still be 
determined. 

(1) 

(21 

(3) 

two- 

This study is limited to situations in which (i) fluid 
and solid phases are in local thermal equilibrium; (ii) 
the velocity square term in the momentum equation is 
negligible; and (iii) the axial conduction term in the 
energy equation is negligible. These are idealizations 
that may not be completely realized simultaneously. 
However, the results obtained here, especially those for 
fully-developed fields, are expected to be valid even if 
the limits are slightly relaxed. 

where I is the pore velocity unit vector. For a 
dimensional flow, the following equations emerge when 
the volume average symbol is dropped and the 
variables are nondimensionalized with respect to W, U, 
To-T,, and prU2 as the scales for length. velocity, 
temperature and pressure, respectively. 

2. GOVERNING EQUATIONS 

It is assumed that the fluid and the solid matrix are in 
local thermal equilibrium and that the magnitudes of 
the thermophysical properties are constant. Under 
these assumptions and by treating the solid matrix and 

u,+v, = 0 (4) 

uu,+uug = -P,+2 Re-‘(u,,+u,,) 

-2 Re-1y2u-F~3/2y(~~~)1~i (5) 

uv, + vvY = - P, + 2 Re ‘(v,, + vy,,) 

-2 Rem’y2z)-Fc3i2y(~*~)I*i (6) 

uT,+rT, = 2 Pe’-‘7;,+2 Pe’-IT,,. (7) 

Here ((u*V)u) is approximated as ((u)*V)(u). The 
porous media shape parameter, y, is equal to 
(W%/K)“2 and is the ratio of the large to small length 
scales. 
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The quantities are averaged over the local volume of 
the fluid plus the local volume of the solid matrix. 
In the entrance problem considered, the velocity field 
specified at the entrance is that associated with the 
porous medium, not with the medium preceding it. 

The boundary conditions used are : 

Entrance : 

x = 0, v=o, u=l, p=pO, T=l (8) 

Solid Boundaries : 

y = O,l, u = 0, v = 0, T =0 

Exit: 

(9) 

for fully-developed flow v = 0, u = u(y) only. (10) 

Far from theentrance the temperature ofthe medium 
will be the same as that of the walls. However, for any 
finite length and fully-developed fields, an invariant 
temperaturedistribution and an invariant local Nusselt 
number exist [18]. The heat transfer results are given in 
terms of the Nusselt number for fully-developed flow, 
i.e. 

Nu = -2T,(y = O)(T,-F)-‘. (11) 

The system has a symmetry axis that passes through 
y = 0.5. The integration of equations (l)-(3) is done 
numerically for the developing flow situation and in 
closed analytical form for the fully-developed flow 
situation. The numerical results are obtained via finite- 
difference approximation using a combination of 
pressure correction techniques, the power law 
approximation, and the staggered grid system as 
recommended by Patankar [7]. 

For validation of the numerical integration, the 
results for the case of y = 0 were compared against the 
results available m the literature [8-181. The numerical 
integration scheme was also validated by comparison 
with the closed form solutions obtained here. In all 
cases complete agreement has been found. 

3. FULLY-DEVELOPED FIELDS 

FOR A SIMPLIFIED CASE 

3.1. Hydrodynamic aspects 
In the case of a fully-developed flow, equation (5) 

becomes 

~,,,-y~u--fF~~/~yu~ = *Rep,, 

where p, = constant. (12) 

In order to obtain a simple closed form solution to 
this equation, the ~F~3/2yuz term will be omitted. The 
conditions under which this is allowable are given in 
[6]. Then, the closed form solution to equation (12) 

subject to the boundary conditions given by equation 

(9) is 

u = [1-e-2Y_(1_e-Y)(eYb-1)+e-YY)] 

x [1-e-2Y -2(1-e-Y)2y-1]-1. (13) 

Equation (13) was obtained by first determining the 
velocity profile from the dimensional form of equation 
(12) and then evaluating the average velocity and, 
finally, dividing the former by the latter. The maximum 
velocity (normalized with respect to the mean velocity) 
which takes place at the mid-distance between the two 
plates is 

U nlax 
= [l -em*Y-2(1 -e-Y) e-Y/2] 

x [1-e-2Y -2(1-e-Y)Zy~1]-‘. (14) 

For large y, this becomes : 

u max = Y(Y--2)-‘, Y > 20. (W 

The dimensionless boundary frictional drag can now be 
evaluated and the result is 

f = 8y Re-1(l-e-y)2[1-e-2y-2(1-e-Y)2y-1]-’. 

(16) 

As expected, when y + 0 this becomes 

f=48Re-‘, as y-to. (17) 

In addition to the boundary frictional drag, the fully- 
developed flow through a porous medium also 
experiences a bulk frictional drag induced by the solid 
matrix (designated as Darcy’s pressure drop) which in 
dimensionless form is 

Ape = 2y2 Re- ‘x. (18) 

Now, by adding the excess pressure loss Q(x), which 
takes place at the entrance region, to these two pressure 
losses, the total pressure loss for the developing flow in 
the porous medium is 

ApT(x) = 2y* Re-‘x+4? Re-1(l-e-y)2 

x [l-e-ZY -2(1-e-y)2y-1]-1x+~(x). (19) 

Note that the friction factor is the shear stress at the 
walls divided by (1/2)p,U2 while the pressure is 
nondimensionalized using pfU2. As will be shown, @ is 
negligibly small compared to the first and second terms 
in equation (19). The following limits hold : 

f= 8y Re-‘, y > 100, (20) 

and since the bulk drag is proportional to y2 while the 
boundary drag is proportional to y, we have 

ApT ‘v 2y2 Re-‘x, y > 200. (21) 

3.2. Heat transfer aspects 
In the case of a fully-developed velocity field, 

equation (7) becomes 

UT, = 2Pe’-‘T,,+2Pe’-‘T,,,. (22) 

In order to simplify the analysis and also to make it 
possible to compare the results with those available in 
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FIG. 2. Excess pressure drop distribution for several values of the porous media shape parameter. Reynolds 
number is 10. 

the literature for y = 0, the axial conduction term will 
be neglected. In equation (22) u is given by equation (13) 
and the boundary conditions for temperature are those 
given by equations (8) and (9). The criterion for the 
thermally fully-developed flow is that the local Nusselt 
number and the invariant temperature profile no 
longer change as the axial distance increases. Then, the 
fully-developed heat transfer results depend on the 
porous media shape parameter only. 

For very large y the velocity profile given by equation 
(13) is that of slug flow, i.e. the velocity distribution is 
uniform. For this limiting case the Nusselt number is 

9.87 [19]. Therefore. the Nusselt number of the fully- 
developed fields varies between 7.54 (for y = 0) and 9.87 
(for y -+ co) depending on the value of y. The results, 

which are obtained by numerical integration, are 
presented in the next section. 

4. RESULTS AND DISCUSSION 

4.1. Hydrodynamic aspects 
The results for the hydrodynamic characteristics are 

shown in Figs. 2-5. Note that these results are based on 
the assumption that the contribution from the velocity- 
square term is negligible. The development region is 
generally characterized by the excess pressure drop that 
takes place in this region. This quantity is determined as 
a function of x from 

a(x) = Ap&)-Ap,,(x)-_tfx. (23) 

FIG. 3. The fully-developed velocity distribution for several values of the porous media shape parameter. 
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FIG. 4. The magnitude of the maximum (centerline) velocity (as a function of the porous media shape 
parameter). The limit for y -+ co is also shown. 

The entrance length, i.e. the longitudinal distance at In [12] the Reynolds number is based on Wrather than 
which the center-line velocity is 99% of its value for a 2 W. A similar expression is given for the excess pressure 
fully-developed field, is given in [12] for y = 0 by the drop [12]. However, as shown in [9], no simple and 
following approxjmation : accurate expressions can be given for the excess 

x,/w = 0.63 (0.018 Re + 1) - ’ + 0.022 Re, 
pressure drop and entrance length which are valid for 
all Reynolds numbers. As an example, Fig. 2 shows the 

for y = 0. (24) effect of the porous media shape parameter on the 

f. Re 

104 
8 

103 i 

FIG. 5. Variation of the wall friction factor with the porous media shape parameter. 
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excess pressure drop for Re = 10. The results show that 
the excess pressure drop decreases rather rapidly as y 
increases. The results also show that the entrance length 
decreases rather rapidly as y increases (x,/w = 0.75 for 
y = 0 and Re = 10). This trend is also found in [6] 
through dimensional analysis, i.e. the entrance length 
was found to be proportional to y-‘. Therefore, the 
entrance length for the porous medium is much shorter 
than that for a nonporous medium and is generally 
negligible. A similar trend is expected for other 
Reynolds numbers. 

Equation (24) shows that the dimensional entrance 
length increases with an increase in W for y = 0. 
However, as shown in Fig. 2 if Re, E and K are kept 
constant, as W increases, y increases and the 
nondimensional entrance length decreases. This is 
because as the ratio of the large to small-length scales 
increases, the boundary effects become less significant, 
i.e. the effect ofthe no-slip boundary condition does not 
penetrate as far. Therefore, for y # 0, the dimensional 
entrance length does not increase monotonically 
with W. 

As to the relative importance of the excess pressure 
drop, examination of equation (19) reveals that the 

entrance pressure drop is important only for small 
values of y. 

Figure 3 shows the effect of y on the fully-developed 
velocity profile which contains a flat portion located 
around the centerline. This flat portion, which extends 
further toward the solid surfaces as y increases, explains 
the reason for the shorter entrance length as y increases. 
The profiles plotted in Fig. 3 are given by equation (13). 
Note that the boundary-layer thickness decreases as y 

NU 

FIG. 6. Variation 
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increases. This is the trend found in [6] by dimensional 
analysis which showed that the momentum boundary- 
layer thickness is of the order of y-r. 

The maximum velocity, which takes place at the 

centerline, decreases with increases in y. This trend is 
shown in Fig. 4. The results are also given by equation 
(14). The results show that for y > 10’ the magnitude of 
the centerline velocity is almost unity. This is also 
evident from equation (15). It should be noted that for 
large y the velocity profile is that of a slug flow. 

The fully-developed wall friction factor given by 

equation (16) is also shown in Fig. 5. The results show 
that as y approaches zero, fRe_ ’ approaches its vaiue 
for when no rigid matrix is present as given by equation 
(17). The results for this total pressure drop can be 
summarized as : 

Apr(x) = 21;‘Re-‘x+4y Re-‘(l-e-Y)2 

x [l-eYzY -2(1 -e-y)2y-1]-1x+@(x), 

ApT = 2y2 Re-‘x for y > 100. 

4.2. Heat transfer aspects 
The variation of the Nusselt number for fully- 

developed temperature and velocity fields as a function 
of the porous media shape parameter is shown in Fig. 6. 
The results are independent of Pe’ and Pr. The trend is 
similar to that found for the magnitude of the maximum 
velocity (Fig. 4), i.e. that for y > 300 the magnitude of 
Nu reaches its asymptotic value of 9.87 for slug flow. As 
expected, for y = 0 the magnitude ofNu is equal to 7.54. 

Finally, the temperature distribution for the fully- 
developed fields (both thermal and hydrodynamic) is 
shown in Fig. 7. Again, the results are independent of 

of the fully-developed local Nusselt number with the porous media shape parameter. 
asymptotic value for y + co is also shown. 

The 
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FIG. 7. The invariant fully-developed temperature profiles for several values of the porous media 
parameter. 

shape 

Pe’ and Pr. This distribution is plotted in the 
conventional form which is an invariant with respect to 
x for finite channel length and the fully-developed fields. 
In contrast to the fully-developed velocity profiles, the 
shape ofthe profile does not change significantly by the 

introduction of the solid matrix. The results also show 
that the centerline temperature increases with increases 
in y. 

Table 1 gives the values of the porous shape 
parameter for some relatively high permeability porous 
inserts, such as foam metals. As can be seen, values of 
less than lo3 for y are obtainable in some small channels 
with relatively high permeability solid matrices. 

By insertion of the solid matrix, the heat transfer rate 
from or to the walls, given by Nuk,(7”- ?J(2w)-‘, 
increases through increases in Nu and k,. 

In [l] an allowance was made for the temperature 
difference between the solid and fluid phases, i.e. two- 
phase model. As the interstitial heat transfer coefficient 
becomes relatively large, this temperature difference 
becomes negligible, as was assumed here. 

5. SUMMARY 

The governing equations, which assume local 
thermal equilibrium between the solid matrix and the 
fluid and include the convective and boundary effects, 
are solved for developing flows between parallel plates 
where the axial conduction and velocity-square terms 
are neglected. As a result, the following are determined. 

5.1. Hydrodynamic characteristics 

(a) The excess pressure drop experienced in the 
entrance region decreases with increases in the porous 
media shape parameter y, and for large values of y it is 

Table 1. The values of porous media shape 
parameters for some high permeability 

porous inserts 

(Z E (5) 1’ 

10-l 0.9 1o-5 3 x 10’ 
lo-’ 3x102 
1om9 3 x lo3 

1om2 lo-’ 3 x 10’ 
1o-9 3x102 
lo-” 3 x lo3 

negligible compared to the boundary friction drag and 
bulk frictional drag induced by the solid matrix. 

(b) The hydrodynamic entrance length decreases 
rapidly with an increase in y. This is as was predicted by 
others [6] for flow over a plate in saturated porous 
media. 

(c) The fully-developed velocity profile depends 
strongly on y. As y increases, the central region 
containing a uniform velocity distribution spreads 
further toward the plates. At large y, the velocity 
variation is confined to a very thin layer adjacent to the 
plates. 

(d)Themagnitudeofthecenterlinevelocitydecreases 
with y. This variation is most significant for 3 < y < 50. 

(e) The boundary frictional drag coefficient is 
proportional to y while the bulk frictional drag 
coefficient is proportional to y*. As a result, for y larger 
than 200 the boundary friction loss can be neglected 
compared to the bulk friction loss. 

5.2. Heat transfer characteristics 

(a)The distribution ofthe local Nusselt number in the 
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entry region has the same Prandtl number dependency 
as that for a nonporous medium. The combined 
entrance length decreases with an increase in y and also 
decreases with a decrease in Prandtl number. 

(b) The fully-developed Nusselt number increases 

I. 

8. 

with an increase in y, and its value is sensitive to the 9. 
magnitude of y for 1 < y < 103. Below this limit the 
Nusselt number is 7.54 and above this limit the Nusselt 

10. 

number is 9.87. 11. 
(c) While the shape of the invariant temperature 

profile for the fully-developed fields does not change 
significantly with y, its value at the centerline increases 12. 

as y increases. 13. 

1. 

2. 

3. 

4. 
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ECOULEMENT LAMINAIRE A TRAVERS UN CANAL POREUX LIMITE PAR DES PLANS 
PARALLELES ISOTHERMES 

R&sum&-On considire un icoulement laminaire B travers un canal poreux limit& par dew plans paralltles 

maintenus A une tempirature identique et uniforme. Le modtle de Darcy modifii pour le transport de quantite 
de mouvement est appliquk mais on ntglige le terme du carrb de la vitesse dans l’kquation de quantitt: de 
mouvement et le terme de conduction axiale dans l’kquation d’knergie. Ces rCsultats montrent que le nombre 
de Nusselt, pour les champs pleinement ttablis, augmentent avec le paramktre de forme du milieu poreux 

T = (W2&/K)“2, oti West la largeur du canal, E la porositb et K la permkabilit6. Les ksultats montrent aussi 

que I’excks de chute de pression, associk B la rirgion d’entrke, dkroit lorsque y augmente. 

LAMINARE STROMUNG DURCH EINEN POReSEN KANAL, DER DURCH ISOTHERME 
PARALLELE PLATTEN BEGRENZT IST 

Zusammenfassung-Es wird eine laminare Striimung durch einen poriisen Kanal, der durch zwei parallele 
Platten gleicher konstanter Temperatur begrenzt ist, betrachtet. Das modifizierte Darcy-Model1 fiir den 
Impulstransport wird verwendet, wobei jedoch der quadratische Geschwindigkeitsterm in der 
Impulsgleichung und der axiale Leitungsterm in der Energiegleichung vernachlissigt werden. Die Ergebnisse 
zeigen, da13 die Nusselt-Zahl im voll ausgebildeten Zustand ansteigt, wenn der Formparameter des portisen 
Mediums y = (W2~/K)“’ ansteigt ; dabei bedeutet W die Kanalbreite, E die Porositlt und K die Permeabilitlt. 
Die Ergebnisse zeigen such, da13 der zusltzliche Druckabfall im Eintrittsbereich mit steigenden 7 abnimmt. 

JlAMMHAPHOE TEYEHME qEPE3 HOPMCTbIfi KAHAJI. 01-PAHMqEHHbIfi 
M30TEPMMYECKMMM flAPAJl_JIE_JlbHbIMM HJIACTMHAMM 

AnHoTauHn~PaccMaTpnaaerca naMwnapnoe Tesenne qepe3 nopwcTb,ii KaHan. orpaHweHnb,il nayMa 

napaj,J,e~,bHb,w muicrn,,aMki, no0,~epnwsaeMb,w4 npn nocTo5m”b,x pae,,b,x rwmepargpax. npMMCt,- 

aeTCa Monki,#NwposaHHan Monenb fiapw nn~ nepeiioca KoJ*w,ecTaa nM”y”bCa. “PM 1, Ob, 

KaanpaTLWblti “0 CKopocTw we” B ypaBHe”Mcl CoxpaHeHMa nM”yl,bCa P, aKC)la!,b,,aT( 

re”nonpoaonnocTb a ypaBHeHMH 3Hep, I(,4 C’WITaMTCR “peHe6peWlMO MaJ,b,MH. PeSy.Ib I aTb, 

“oKa3blRa”JT. ‘170 ‘,MC”O Hycce+lbra i,J,r( “OJIHOU bK1 pB7aHTblX ,e’,eHMti yae,IW’,MBaeTCR C POCTOM “apa- 

MC, pa $WpMb, “op,K’,oii CpWb,. ;’ = (W’,:/h’)’ ?. ,Ue U’--,unp,,Ha Ka,,9X,. ,:- “op,lC,W,b M k- 

“poH,,,,aCMOC, b. M3 pe3yJ,bra,oa ,aKXe BWIIH”. VrO ,!,06aBOqHb,ti “epC”aLI ,!,aB.-,CHna “a HYoL,H”M 

yqacTKe pat re r C yeenwe”neM 7. 


